EIGENFUNCTION EXPANSIONS ASSOCIATED WITH
THE LAPLACIAN FOR CERTAIN DOMAINS
WITH INFINITE BOUNDARIES. II.
APPLICATIONS TO SCATTERING THEORY(*)

BY
CHARLES IRWIN GOLDSTEIN

1. Introduction. In this paper we shall employ the distorted plane waves
(generalized eigenfunctions) wi(x; £) constructed in a preceding paper [1](2) to
investigate the problem of scattering in a perturbed infinite cylinder Q. We assume
that the reader is familiar with the notation used in I.

Generalized eigenfunctions were first used to construct a scattering operator
by Ikebe [2]. He studied the operators —A and —A +¢(x) acting on Ly(R"), where
g(x) is a potential function. This method was also used to construct a scattering
opetator for the wave equation in the exterior of a bounded obstacle by Shenk
[5]. The exterior problem has been treated by Lax and Phillips [4], using a different
approach. They constructed the scattering operator with the aid of certain ab-
stract representation theorems. They then applied their theory to obtain a complete
set of generalized eigenfunctions of the reduced wave equation in an exterior domain.
The methods of [4] are not applicable in their present form to our problem.

We begin in §2 by defining certain Hilbert spaces 5, and 5, of initial data for
the wave equation with zero boundary conditions in S and Q, respectively. (It may
easily be shown that all of the arguments in this paper carry over to the case of a
semi-infinite cylinder as well as to the case of the boundary conditions discussed
in I.) In Theorem 2.1 we establish the existence of a group of unitary transforma-
tions %(t) [%(t)] acting on 5%, [#].

In §3, we construct spectral representations for the operators %,(t) [#%(¢)].
These spectral representations are expressed in terms of the functions wi(x; £).
In §4, we define the wave operators # *. We prove that the operators # * exist
as unitary transformations. This follows from Theorem 4.1.

We discuss the scattering operator & =(#"*)~#"~ in §5. An immediate conse-
quence of the existence of the scattering operator is a local energy decay theorem
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34 C. I. GOLDSTEIN [January

for the solutions u°(x, t) of the wave equation in S with finite energy, which vanish
on S. It is shown that

[ v, )+ b, D1 dx >0 as £ oo
B

for each bounded subset B of S. No information is given, however, concerning the
rate of decay.

Finally, in §6 we extend the arguments of §4 to establish the existence, unitarity,
and invariance of the wave operators W *(p(42), p(4§'?)) for a wide class of
real-valued functions ¢. A result of this kind was obtained by Kato [3] for the case
in which 4, and A are selfadjoint operators whose difference is of trace class.
Shenk [6] treated the case in which 4o=—A on Ly(R¥), and A= —A on Ly(Q),
Q being a domain with finite, smooth boundary.

2. The unitary groups. Suppose S is an infinite cylinder in RY (N=2) and Q< S
is the perturbed infinite cylinder defined in I. For simplicity we assume that the
selfadjoint operator 4 has no point eigenvalues. The case in which eigenvalues
are present will be discussed in §4. We begin by defining Hilbert spaces, 5% and
H#, of initial data in S and Q, respectively. Given pg,(x) in C(Q) and @)(x) in
C3'(Q), set =[pa), p)] and

Iol3 = [ 1900+ [pa @ d.

Define 5# to be the completion of C{(Q) @ C£(Q) under the norm, | || We
define a Hilbert space 5%, similarly.

It follows from the definitions that 5#,= B, ® L(S) and 5## =B @ L,(Q), where
B, [B] is the completion of C&(S) [C& ()] under the norm given by [ |Ve(x)|? dx
[fo |Ve(x)|? dx]. It is easy to see that B,=H,(S) and B=H,(Q). This follows from
the estimate

(21) l](p"O(S) ["‘P"Wn)] = C“ V(PHO(S) [C " V‘P"o(m],

where the constant C is independent of the function ¢(x) in CZ(S) [CZ(Q)].
(2.1) is clearly equivalent to the fact that 0 is not in the spectrum of A4, [A4].

We next establish the existence of solutions of the initial value problem for the
wave equation in Q with zero boundary values on €. (The same proof goes through
for the homogeneous boundary conditions considered in 1.) This will be accom-
plished by means of a separation of variables in the representation space

H= n@ Ly(—0,00; dp,(§))  where dp,(§) = dE.

THEOREM 2.1. Suppose ¢y(x) € C5(Q) and p\(x) € C§(Q). Then
(a) There exists a function p*(x, t) defined in Q x R, satisfying the conditions
dutforc e D(A), for k=0,1,...,

Ap* = ug, and pt(x, 0) = @uy(x), wi(x,0) = @g(x).
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(b) There exist functions o (¢) and By (€) such that

(* o D) = ot (§) exp [i(E +v,) 211+ B (€) exp [—i(6+v,)21].
Also

(B 0) O =t e.

© b0 =2 3, [ @@+ 82O

where we define
14 Dl = [ 197G 0+ i, 017 .

Therefore energy is conserved.
(d) We may replace *~ by =" to obtain a solution n~(x, t). We have
prlx, t) = p(x,0).
Proof. (a) Set

w0 = 3 [T i Olst (@ exp [ +0 )

2.2)

+ Bi (§) exp [—i(£2+v,)2t]] dE,
where
2.3) 2i(82+vn) 20t (8) = i(62+va) 2085 (6) + 98 (6),

2i(82+va) 2B (€) = i(62+va) 205 (6) — 9 (6).
By Theorem 5.1 in I, we have
Q4 HIE) = of (§) exp [i(E+vp) 2t ]+B3 (&) exp [—i(£2+v,) 1],

Since 3y [, |62+ va| M@ (6|2 dé <o for j=1,2, and M=1,2,..., we con-
clude from (2.3), (2.4), and Theorem 4.1 of I that u* € D(4A™) for M=1,2,....
Set

1) = 3 [ W OIFE ) (6) exp (8 )

+ (=) (8 +va) "B (§) exp {—i(£2+v,)"?1}] dE,

k=0, 1,.... It follows readily that the derivatives o*u*(x, t)/3t" (considered in the
sense of d1str1but10ns in Q x R?) are equal to p;f(x, t), «=0,1,.... Now

(A7) = = (E+v)@ ) () = W) (€) = (@u* [ (£).

Thus Ap* =0%u*[0t%. From the definitions of u* and pf, it follows that u*(x, 0)
=g,(x) and ou*(x, 0)/0t=py(x). This completes the proof of part (a).

(2.5)
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(b) This follows immediately from (2.4), (2.5), and the results of I.
(c) Integrating by parts and using the boundary condition and the spectral
representation, we have

op*(x, 1)

6o Ol = [ [ 19076 o+ |2
Q

Ta

[t =87 )+l G, )17

i; J._: (€2 +vp)| o (£) exp [i(£2+va) 211+ B (€) exp [—i(£2+v,)V%]|2
+ [i(£24 vp) e} (€) exp [i(£24v,) 2t ] — i (€2 +v,) 285 (£) exp [—i(€+v,) %] |2
=2 Zl fi [ (©)12+ 183 (O)21(62 +v,) dé.

This proves part (c).
(d) All of the preceding arguments go through with *~ replaced by ~~. We thus
have a function p~(x, ¢) satisfying the conditions
(@) (w7) " =eq (§) exp [i(£2+v,)"2t]+B5 (€) exp [—i(£2 +v,) 2],
(i) du~ =pi,
(i) = (x, 0)=gi(x),
(iv) pi (x, 0)=ps(x), and
(v) o°u~Jot* € D(A).
We show that u*(x, t)=p~(x, t). Set v(x, t)=p*(x, t)—p~(x, t). Note that
(2'6) "U( > t)lll(n)+ “vt(" t)"1(n)+ "AU(’ t)"0(n) = Cr

for |¢| < T. Now, since v(x, ) satisfies conditions (ii) and (v), we may apply Green’s
formula and estimate (2.6) (to justify interchanging the order of integrations) to
obtain

jﬂ [Vo(x, £)[2-+ [0(x, £)[2] dx
J. d Jt d nil2 nl2 ’ 2 2
= [ ax [ 25 09, 0 o, )T a4 [ 9ot 02+ lucx, 0y dx
t

= 2Ref j [Vodx, t')Vo(x, ')+ vdx, t') Ad(x, t')] dt’ dx
QJo
t

~ 2Re f f [Voi(x, £)V5(x, £+ vix, £')A8(x, )] dx di”
0oJa

t

= 2 Re f j [—odx, t') Ad(x, t')+vdx, t") Ad(x, t")] dx dt’
oJQ

=0.
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This shows that p*(x, #)=p"(x, ¢). The proof of Theorem 2.1 is thus complete.
Q.E.D.

We denote p*(x, t)=p"(x,t) by u(x, ). We now define a group of unitary
mappings %(t) from 5 onto 5. Suppose ¢)(x) € CF(Q), j=1, 2, and p=[p;, p.].
Set

(2~7) %(t)q’ = [u(-, t)a P’t('s t)]~

By the conservation of energy #(¢) is isometric. Extend #(¢) to all of 5# by con-
tinuity. It is easily seen that they form a strongly continuous group of unitary
transformations from ¢ onto 7 i.e.

onto
Ut): # —> H

2.8) @) = (Z@)* = %(—-1), —00 <t <©
U(t)U(ty) = Uty + 1), —00 < ty, 15 <0
lting |%(@)f—f|e =0  for each fin &
Slmllatly if (Pf(x) € C‘go(s)’ .]= 19 2, and P= [‘Pla 9’2]9 we set %O(t)‘P: [nu'o( ’ t),
wd(-, )], where the function u°(x, ¢) may be constructed in the same manner as

u(x, t) with Q replaced by S. Again #,(¢) may be extended to form a strongly
continuous group of unitary transformations from #; onto ;.

3. The spectral representations. In this section we shall construct spectral rep-
resentations, J° and J *, for the unitary groups %,(t) and %(t), respectively.
The range of these spectral representations will be the Hilbert space H2=H @ H.

Suppose f=[f1, f2] € . Set

o re L [ ROt
3.1 7= = e )}

T *fe H? Similarly, for g=[g,, g,] in 5, set

o L[ O - O
6.2 75 == i { G eyl

THEOREM 3.1. (a) J * is a unitary mapping from 5 onto H2.
(b) For each f in H#, we have

T UO)f) = [exp {i(£+vn)*1}F 3, (€), exp {—i(£* +vn) *1}F,(6)),
where 7 *f=[F,(€), F&,(8)-
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Proof. (a) We shall carry out the proof for the transformation J *. We first
show that J * is isometric on a dense subspace of 5. Suppose ¢=[p,, p;] €

(C3(Q) @ (Ca().

Iole = [ 090l7+lgal?] d
=1 2 [T e le @l + lpan P de

13 [T 1@ elpas @ +loa @

using Theorem 4.1 of 1.

170l =4 3, [ 1@+ 00 + s O dg

+
=
Ms

|7 1@y @ ivan @l de

n
-

I
Np=
Ms

” (E+v)loin@)|2 dE+1 > ) lpn(O)|? dé
) n=1J-

3
L]
-

©

_(E+nlean(O® dé+1 Zl f : |pan (6)]* dé

3
1]
-

+

b
Ms
—

mw ([ +va) 2085 (OpEm(OI* — (€ +vn) 2 [0&5 (O &5 ()] d€

3
L]
[

| +
S N
Ms i

—_—

[

2 ([(€2 +vn) a5 (O)pan () — (62 +va) 2[pasn (O] p@ (§)]) d¢

X

= |o|
since

5 [ @rnrmsi@mpierd = > [ @rnyman@ranonm d

— (412
= (4"2pq), 'P(z))Lz(m

again employing the expansion Theorem 4.1 of I. Note that * denotes the com-
plex conjugate. Thus we may extend J * isometrically to all of #.

We next show that 7 * is onto. Observe that H2 may be expressed as the direct
sum of two subspaces &% and #°, where SF consists of “even” elements of the
form F={[F,(£), T~ (T*) " *F,(9]} and ¥° consists of “odd” elements of the
form G={[G,(£), =T (T*) *G,(&)]}. This may be easily proven using the uni-
tarity of T+ and T~. Now suppose F={[F,(¢), T (T *) *F,(§)]} € &*. It follows
from (3.1) that F=J *f, where

(3.3) f= 725 [4=13(T )1 {F(£)}, O].
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If G={[G,(&), =T (T*) G ()]} € &°, then we have G=T *g where

(34 - %o F av6e)

Since H2= %% @ °, we have proven that 7 * is unitary.
(b) Suppose f=[f;,fz] € #. Then from (3.1), the definitions (2.3) of o7 (§)
and B; (£), and similar definitions of o, (¢) and B, (£), it follows that

(3.5) T*f = V2{(E+vn) P (§), (£+va)"2B (O}
Using the definition (2.7) of U(t), we have

T+UE)
(3.6)

= 2/15{[(5”% V2 N(E) = i)t (O, (2 +va)2us (O —i(u)s "(O)I-

Theorem 2.1 gives
pa " (€) = g (€) exp [((£2+va)"2t]+Ba (§) exp [—i(£2+vn)''%t]
(@) = 18 +va) (8) exp [i(&2+v, )11
— (€2 +va)V 285 (§) exp [—i(€2+va)' 1],
Hence
B7) (E+v) Pl ") —i(udr (€)= 22 +vn)Paq () exp [i(£2+va)" 1],
Similarly
(B8) (E2+v)"2u; () +il)s "(€) = 2E2+v,) 265 (€) exp [—i(£2 +v,)2t).

Combining (3.5), (3.6), (3.7) and (3.8), we see that Theorem 3.1 is proven. Q.E.D.
We next obtain an expression for the inverse of J *. Suppose F={[F,({),
Fe, (&)1} € H?. Using (3.1) it is easy to verify that

(T )1F = 75 [(T*) (& +vs) " 2 F o (O +(T7)H(E +v,) " V2F gy, (),
(3.9)
T F, )~ (T Far (O}

Finally we note that a theorem analogous to Theorem 3.1 holds for the trans-
formation ° defined by (3.2). (7°) 1! is given by

1
(T0)F = —5 |(T°)"H(E" +vn) " *(Fr,(§) + Fr, ()}
(310) v2 [ ¢V (2)

0 o (O~ Far )]

where F={[F,, (), F2),(§)]}.
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4. The wave operators. We are interested in comparing the behavior of solu-
tions u°(x, ¢) of the wave equation in S with the behavior of solutions u(x, ¢) of
the wave equation in Q as t — +o00. To this end we define the wave operators #"*
as follows. Suppose ¢=[p;, ¢;], Where @,(x) € CF(S), j=1, 2. Set Fo=[op,, op,],
where o(x) satisfies the following conditions:

(@) o(x) e C*(Q),

(ii) o(x)=0 for |xy| £h, and

(iii) o(x)=1 for A’ < |xy|, where h<h'.

Recall that for ~< |xy|, we have Q=S. Extend _¢ by continuity to all of .

Suppose f=[f1, f2] € #o. Set W (t)f=U(—1t) F%°(t)f. We shall prove in the next
theorem that # *f=lim,_, , , #'(¢)f exists in S, and may be given by (J *)~17°.
From this it will follow that #"* are a pair of unitary mappings from 5% onto 5%,

THEOREM 4.1. Suppose f=[f1, f2] € H#;. Then
4.1 Wif = lim #()f=(T*) Y% inK
t— £ o

Proof. We shall carry through the proof for the case  — +co. Our aim is to
prove that

m T # ()f = T of

“2) - \/Lz (& 4978, (&) — i3 (O), (E2+r) 2%, (O) + S (O

in H2. We shall establish (4.1) for the following dense subset & of 5. 2 consists
of all those elements ¢ = [p;, p.] in 5, satisfying the conditions
@) ¢,,(6)=0 for nz M,
(ii) each ¢%,,(¢) € C3(RY), and
(iii) each §%, (¢) vanishes in a neighborhood of each of the points + (v, —v,)'/?,
k=1,2,..., where j=1, 2 and M is a positive integer.
Employing (3.1) and Theorem 3.1, we obtain

T H(t)p = \—}5 ([P€; 1), Caro(E; O]

4.3) exp [—i(¢2+v,)! 1]
-1 X [(£2+vn) (o) "(§) —i(opd)n " (§)]
V2 || exp [i(£*+va)'?1]
X [(£2+va)2(on%)s "(€) +iopd)s "(4)]

Consider @, (¢;t). First we make some definitions. For each function f(x) in
Ly(S) [Lo(Q)), set Uo(r)f=exp (itAy)f [U(t)f=exp (itA**)f]. Suppose #(x)e
C2(S). Set Jy(x)=o(x)4(x) and extend J by continuity to all of L,(S). Finally,
set W(t)f=U(—1)JUy(t)f for each fin Ly(S).
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Using the properties of the spectral representations Ty, T, and T~ as well as
the inversion formula (3.10), we have

Dy, (€5 1) = 3(E +va) P (W (Do) * (€)= i(W ()45 Poe,)* 7 (€)
+(U(=)JUs(=)pay,)* () +i(U(= 1)U~ )45 *2p,) " (6)]
3= (W40, * ") +i(W ()pa,)* " (€)
+H(U(=1)JUo(— DA ?pq),)* "(€) +i(U(— U~ o) * (€)]-

Rearranging the terms on the right hand side of the preceding equation and making
repeated use of the triangle inequality, we obtain the following inequality

D asa(€; 1) = [(€2+va) 260, (€) — i9 ()]
£ (& +v) 2 (D) * () —8,(Ol] x
+H(W (1) 45%ey,) * (€)= (46%00y,)° ()] 1
+3i6%,,(&) — (W (), ()
+ 3|14, (6) — (A2 W (£) A5 2p))d (Ol u
4.4 +3[|(AM2U (= ) Uo(— )y ()~ (U (= 1)JAF2*Uo(— )ay)s ()l a
+3[i(42U(=)JA5 2US(~ e " (€)
—i(U(=t)JU(=)pa)s ")«
=34, D+ LG, Ola+ 1, O+ L, Dla

(-, O+ | L6(-, )] &)

In order to prove that the right hand side of (4.4) — 0 as ¢ — oo, we establish
the following lemma.

LeMMA 4.1. Suppose ¥(x) e Ly(S) and Ty satisfies conditions (i)(iii). Also,
suppose the bounded interval [a, b] does not contain any of the points {v.}, k=1,2, . ...
Then

lim (W) = 920
uniformly in £ and n provided €%+ v, € [a, b].

Proof. Again we consider ¢ — +oc0. Using the spectral representations 7° and
T*, we have

WO (@) = Lim. f (63 E)o(x)
4.5) T
. (!; J: . w?(x; {) exp {it [(g2 +yj)1/2_ (§2+Vn)1/2]}¢?(€) d{) dx,
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where Q) consists of those points in Q for which |xy| £ M. It follows from I that
4.6) max [y (x; §)| < C

uniformly for £2+v, € [a, b]. Furthermore, integration by parts yields

|xx U()(x)|

Il
x
™M
—

w9 ) exp () RO |

-3 f ) T% (exp [iLxy])m %) exp [it(2>+v,) "2 }3 () dc‘

f=1J-w

2 [ exp it 55 €08 exp @2y i) d:‘

= C foreachJ=1,2,....
Hence
4.7 Us()(x) = O(|xx| 7).

(Similarly it follows that D*Uy(t)¢(x)=O(|xy| ~’) for k=1, 2,....) (4.6) combined
with (4.7) shows that the right hand side of (4.5) converges in the ordinary sense,
ie.

WOHEO = [ s o) S wey
o j=1d-®

(4.8) .
-exp {it [((2+v)'? — (£ +v,) 2 IP(0) dC dx.

Differentiating both sides of (4.8) with respect to ¢, we obtain
d N A -
GONI® = i [ 7Gx o) dx

@9) 2 @@ .o

X I+~ (E+ ) 2 wps, DO L,
where
@10 L@ O = [ +n) =@+ Y@ )~ (@ )

L; (L, €) is a C* function of ({2+v,)*2 for  in the support of $(0).
Set

Vgt =1 3 [ w0 DL, O8O

@.11)
-exp {it[(L2+v) 2 — (E+vn) 2 +ieL; (L, I} dL.
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Again, integration by parts shows that
DiVy(x; & t56) = O((1+|xy|)~™) for M =1,2,...,

and all multiple indices a.
Using (4.9), (4.11), integration by parts, the equation

Awd(x; ) = —(E+vwi(x; O),

and the boundary condition wi(x; {)=0 on S, we have
(4.12) %(W(t)t/');‘ = - L Valx; &5 15 0)0(A+ (62 +vp))[o(x)wy (x; £)] dx.

Note that (A+ 2 +v,)[a(x)w;] (x; £)] has compact support in x since o(x)=1 for
|xy|2 #'. Equation (4.12) and the definition of W(¢) imply
~ ~ T
WO = i @[t [ Vw6510
4.13) 0 a
{(A+(E2+v)o(x)wz (x; £)] dx.

To show that the limit on the right hand side of (4.13) exists as T — oo, we prove
that

(4.14) Va(x; £ 15 2) = O((1+t])™%)

uniformly for x in compact subsets of S, £2+v, in [a, b], all ¢, and 0<esign¢=<1.
Set

2 4, )2 (¢245, )2 4,
R L

Multiplying both sides of (4.11) by 2, we have
o [} " a
12Va(x; €5 t56) = —i f 90c; DPOL; (L, M2, & €) srrma——i7a
(st = =i 3 | wiGe; DBOLAL OMiE &9 g vmy

1 0
@15 (M3 &9 searym,
-exp {it[({+ v — (£ +vp) 2 4 e, o(L, f)]}) dL.

It is clear from the definition of M, ,.({, £,¢) that |M,,.({, € €)|=1. Thus
IMja(L, é)| <C. Integrating by parts twice in (4.15) and using the fact that
L, (L, )20, we conclude that (4.14) holds and hence the limit in (4.13) exists. We
next evaluate this limit.

It is evident from the definition (4.11) that

Valx; é5t56) > Va(x; €;¢,0) as e—>0
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uniformly for |xy| bounded, £2+v, in [a, b] and bounded ¢. Thus
tim [ Vs €1 O+ (E-+roewi 5; O] de
= [ Vs €5 15 0B+ (€ ot s ) .
Furthermore, it follows from (4.14) that

lim :dt f V,(x; & 1 o)A+ E+vp) (Wi (x; &)] dx

T— o

exists uniformly for 0< e < 1. Therefore, by the double limit theorem

— lim lim ' dt j Va(x; &; t; e)(A+ €2 +v,)[o(x)w; (x; £)] dx
T-o¢e}0 Jo Q

(4.16) ]
— _lim lim [ ar j Vi(x; €5 1; YA+ E+v)a(o)m (x; £)] dx
0 Q

§,0 Towo

According to equation (4.13), the left hand side of (4.16) is equal to
@.17) Jim (WD) NGE GO
We shall show that the right hand side of (4.16) has the value
@19) [ KiGopds,  where KiGr; ) = Wil §—o(I% (55 O,

(We have extended o(x)w; (x; &) to S—Q by defining it to be zero there.) Once we
establish that the limit in (4.16) is equal to (4.18), the lemma will be proven.

Since (A+ £2+v,)wi(x; £)=0, we may replace —o(x)Wy (x; £) in (4.16) by
K; (x; £). Interchanging the order of the integrals, we see that the right hand side
of (4.16) is equal to

4.19) lim f (A+ E4v,)K (x; £) f " Vi £ 1; ¢) dt dx.
€}0Js 0

Employing the spectral representation 7°, we have

F Va(x; €5 6)dt = — i Jm wi(x; D90
0 j=1d-w

R Lj.n(g, f) dc
@+ )= (& +va) P +ieL; (L, ]

- 2 f_: wo(xe; OIL2 +v,)) — (€2 +v,) +ie] ~ () dt

= —[Ao—(E+v,—ie)] 1 (x) = z,(x; £)
uniformly for x in the support of [A+ ¢2+v,]K.} (x; ), where the function z,(x; §)
satisfies the boundary value problem
4.20 (A4 E4vp)za(x; §) = $(x) in S,
z,(x; £)=0, on S, as well as the “incoming” radiation conditions at infinity.
Therefore [ Vi(x; £; 15 &) dt = z,(x; §).

I
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Since the first integrand in (4.19) has compact support we may take the limit
under the first integral. Thus (4.19) may be expressed as

@.21) f 22063 E)(A+ £ 4v K2 (x; 6) dx.

Since for |xy| large, K, (x; €)= —0; (x; £) and z,(x; £) both satisfy the incoming
radiation conditions, we may integrate by parts and use (4.20) to conclude that
(4.21) is equal to (4.18). The lemma is thus proven. Q.E.D.

We next want to show that each term on the right hand side of (4.4) — 0 as
t —oo. Consider I,. Suppose ?; > as j— 0. The sequence of elements
{T*(W(t;)A%%p.,)} satisfies the condition

(4.22) T*(W (1) A5 ) — T4y 90,

in H as t;, — o (— denotes weak convergence in the Hilbert space). To prove this
we note that since g,(x) satisfies the hypothesis of Lemma 4.1, 43/2%p.,(x) does
also. Hence it follows from Lemma 4.1 that

(4.23) (W(t)A5%pan)x "(8), Xta,ol(E2 +va)u = (A5 %20)2"(8)s Xia,o:(E2+va))u

as j — oo, where [a, b] is an arbitrary bounded interval not containing any of the

points {»;} and x, ) denotes the characteristic function of the interval [a, b]. Since

the elements {x, »(£>+v,)} form a dense subset of H, (4.22) follows from (4.23).
We show that

424 IT* (W ()45 )l e = | T°A5 9w |n as j— oo

Using the isometric property of the transformations To, T+, Uy(t), and U(¢),
then applying the divergence theorem, we have

| 1T+ (W(t)A§ %) |7 — | Todd 0| &
| [TUs(t) 48P || 2500 — | Uo(t:) 45201y 20|

= | [ 045Ut ) (MSNABUolt Y ) dx

~ [ 48U @ AE U o dx’

= L A2 Uo(t)eay () A2 Uo(t )@y (x))* dx

+ J; (o(x)? — DAG2U (1) () A2 Uo(t)pay(x))* dx
~ [ AU AUt dx{
= | [ tr-nlas ol s |

<c j | 452Ut pa(x) |2 dx,
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where B is the support of o(x)2— 1. Note that B is a compact subset of S. Using the
spectral representation T, and integration by parts as well as properties (i)—(iii)
of T, it follows easily that

max | A2Us(t)pa@)| = O(1|=?) for large ¢].
xeB

This completes the proof of (4.24).

We now apply the following well-known theorem. Given a sequence of elements
h; and an element # satisfying the following conditions in a Hilbert space:

(@) h;— h as j— oo, and

(®) 4] — [A| asj— co.

Then |h;—h| — 0 as j — co.
In our case (4.22) and (4.24) show that the sequence T'(W(t;)4}/%p.,,) and the element
ToA3/%p,, satisfy conditions (a) and (b) in H. Hence we conclude that |[I(-, )]
— 0 as ¢ — co. Similar reasoning shows that || 1,(-, #)| x, |Is(-, t)]| & and | L(-, £)| »
—>0ast— 0.

Finally, consider ||Zs|| and |fg|. Since T* and U(¢) are isometric, we have

[ s(-, Ol = |A2U(=2t")WUo(t)pay— U(—=t")AT2Uo(t o) | Lacery
and
[Z6(-, )| = [iAY2U(—=1")J A5 2Uo(t Ype2y— iU (— ") Us(t Vo2 | Lo
where t'= —1.
[s(-, e = [[A2W(E )pay— (T ™) ' Tods * o0 Lo
+ (T )T 45%pay— W(t) A5 %) Lo

Since ¢’ — —o0 as t — +00, we may apply Lemma 4.1 and the same arguments
as before to show that ||I5(-, )|z — 0 as t— co. Similarly |Z(-, )|z — O as

t —> 00.
We have thus proven that

}Ln: {@uy (& 1)} = {(E2+vn)?6,(6) —i$5),(€)} in H.
It follows in the same way that

lim {®¢), (¢, 1)} = {(€+v2)" 63 (6) + 16, (€)} in H.

Since the elements = [p,, @,] are dense in 5, we have proven (4.2). Similarly it
follows using the definition (3.1) of J - that lim,,_,9 ~#(¢)f=9.f in H2.
Thus the theorem is proven. Q.E.D.

We may remove the restriction that the operator 4 has no point eigenvalues.
All of the results of §§2—4 remain true with eigenvalues present. The unitary groups
(1) and the spectral representations J * are constructed in the same way. In
order to prove Theorem 4.1 for this case, we need the following lemma.
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LeEMMA 4.2. Suppose y(x) satisfies the hypothesis of Lemma 4.1. Suppose also
that X is an eigenvalue of A of multiplicity m and w¥(x), . . ., w™(x) are the associated
orthonormal eigenfunctions. Then

(4.25) tlilrw W@y, w)q =0, lsj=s=m

Proof. It follows from I that m <oo. Let P; denote the space spanned by the eigen-
function w”(x). Using the unitarity of U(¢) and the definition of P;, we have

[t (W (), WP)|? = [t(P,W (1), W)y |?
= P W (| 2@ W | R
= [tU(=0)PJU )2 e
= [tPJU()4]| 2,0

Now employ the spectral representation 7° and integrate by parts. Thus

(4.26)

o] = | 3, [ tlexp GG mhitomcs; © |
;S N 4 i(&£2 1/2 Oy EViO
=12 [ Sy e G v it e de|
4.27)
S (7 [(&£2 1/2 9 f,0 O+
= ’Zl f_wexp ({(€%+va) t)w(lﬁn(s‘)wn(?‘, f))df‘
< Clxyl.

It was shown in I that
(4.28) [WO(x)| £ Ce~91x! (8 > 0) for |xy| large.
(4.27) and (4.28) imply that
[P U)o = [tWwP(TUo(t ), W)y l|Zpees

(4.29) = | Uo(t), w)a|?

s [ 1Ugemm, ol dx
<C

(4.26) and (4.29) together imply (4.25). Q.E.D.
Combining Lemma 4.2 with the proof of Theorem 4.1, we easily see that this
theorem remains true even if A has eigenvalues.

5. The scattering operator. In this section we apply Theorem 4.1 to the problem
of scattering in an infinite cylinder. We begin by establishing a local energy decay
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theorem for solutions u%(x, t) of the wave equation in S. Suppose f=[f1, f2] € #;
and [p°(-, 1), pd(-, DI=Z(1)/.
LeEMMA 5.1. If B is an arbitrary bounded subset of S, then

G.1) f [ VRox, 1|2+ [0, 1)[2] dx — 0 as 1 — +co.
B

Proof. Suppose f; (j=1, 2) satisfies the hypothesis of Lemma 4.1. We may" use
the spectral representation .7 ° and integrate by parts as in the proof of Lemma 4.2
to show that maxp |u%(x, t)|=0(|t| ') and maxg |ul(x, t)|=0(|t|*). (5.1) now
follows for arbitrary elements f'in 5 by taking the limit in 54,. Q.E.D.

Lemma 5.1 could also be proven by using the fact that the right hand side of
(4.1) is independent of the “cutoff” function o(x). We now define the scattering
operator & as follows:

(5.2) SLf=H*)"Ww-f forfin i,
It follows from Theorem 4.1 that & is a unitary transformation from 54, onto 5.
Another characterization of & is given by the following theorem. (Again for

simplicity we assume that 4 has no point eigenvalues.) Note that we are extending
the definition of the norm | | to all elements h=[h,, hy] € #; by setting

Al = [ IVRGI+ GOl d.

THEOREM 5.1. Given arbitrary initial data g in ¥, there exists initial data
S=/1, /2] in #; such that

(5.3) |%(t)g—%s(t)f|#—0  ast— —oo,
and
(5.9) |%(t)g— S Ut)f | #—0 as t — +oo.

Proof. Set f=(#"")"'g. Thus %(t)g=%(t)# ~f. Using the definition of # ", the
unitarity of #(¢), and (5.1) we see that

(5.5) lim | %e)p = o) | = .
This implies (5.3). Furthermore
U)Wt =s5s— lim U(s—1t) FU(t—5)U(s) = W *U5).
t-+ o
Hence

(5.6) FUS) = W)W Ut) = W) UOW

= U)W *) W~ = U()F.
An application of (5.2), (5.5), and (5.6) gives
67 0= lim |2O# (L)~ U(NS]r = lim %y~ f— S US| 2.

(5.7) clearly implies (5.4). Q.E.D.
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Finally we note that the infinite cylinder S may be replaced by any perturbed
cylinder Q' satisfying the conditions

(a) Q=Q'<sS,

(b) Q' is a C= surface, and

(c) Ag has no point eigenvalues(®).
It may be shown that all of the results of I and this paper hold for the operators
Ao and Ag=A. The proofs are essentially unchanged.

6. Invariance of the wave operators. In this section we establish the existence
in Ly(Q) of the wave operators

W = W), pAy?) = 5= lim W),
t—+ o0

where
W(t) = exp [—ip(A"?)t]J exp [ip(A5%)t].

The functions ¢(X) we shall consider satisfy the following conditions:

(i) ¢() is a real-valued function defined on (v, ),

(ii) the interval (v;, 00) may be partitioned into subintervals I,=(A._;, A,
(ie. (v, 0)=UZ- - I,), where A, —>v, as « — —o0, A, —>00 as k—> o0, and
@(A) € C* for Ain I. Also ¢'(A)#0 for Ain I,.

Set Uy(t)=exp [ip(4§?)t] and U(t)=exp [ip(42/?)t]. Let P denote the projection
onto the space spanned by the eigenfunctions of A.

THEOREM 6.1. (a) W*=s—lim,. .., W(t) are unitary transformations from
Ly(S) onto (I— P)L,(Q).
(b) Suppose fe Ly(S). Then if ¢'(\)>0 on I,

W) =f2&)  for E+v,inl,,
and if (M) <0 on I,
WZ7) = A& for E+v,inl,

The proof of this theorem follows along the same lines as the proof of Theorem
4.1 with A replaced by ¢()) and therefore will not be given. Note that the function
U(t)f=u(x, t) satisfies the initial value problem

plx, 1) = ip(A"u(x, 1) in Q,
px, 0) = f(x).

We may construct the scattering operator associated with equation (6.1) in the
same manner as in §5.

6.1)

(®) Condition (c) may be dispensed with by considering only the continuous part of the
operator Ag-.
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All of the results of this paper hold for semi-infinite cylinders as well as for the
boundary conditions discussed in I. The proofs remain the same.
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